In this paper a method to extend discrete uninorms and nullnorms on the finite chain L = {0, . . . , n}, to uninorms and nullnorms defined on the set of discrete fuzzy numbers whose support is a set of consecutive natural numbers contained in L is presented. Some basic properties of discrete uninorms and nullnorms are preserved by this extension method and the structure of these kinds of aggregations is maintained too. Finally, we develop an application to obtain the group consensus opinion based on the extension of discrete uninorms and nullnorms.
Introduction
The theory of aggregation functions has been extensively developed in last decades from both, the theoretical and the applicational points of view ( [2] , [12] ). One of the fields which is most closely related to aggregation functions is fuzzy set theory. Not only because many of the usual fuzzy connectives like t-norms, t-conorms, uninorms, copulas are special kinds of aggregation functions, but also because many times the data to be aggregated are not crisp numbers, but fuzzy numbers and even subjective qualitative information. Moreover, the use of fuzzy mathematics [10, 13] allows to model the subjective and qualitative nature of such information.
Qualitative information is often interpreted to take values in a finite scale like Extremely Good, Very Good, Good, Fair, Bad, Very Bad, Extremely Bad. In these cases, a finite chain L is usually considered and several researchers have developed an extensive study of aggregation functions on L, usually called discrete aggregation functions. For instance, t-norms and t-conorms were characterized in [19] , uninorms and nullnorms in [16] , weighted means in [14] and even implications functions in [15, 17] and [18] . It is proved in [19] that only the number of elements of the finite chain L is relevant when we deal with monotonic operations on L, and so the finite chain used in many of the mentioned works is the most simple one L = {0, 1, . . . , n}. (see [19] and also [11, 14, 16, 23] ).
Recently, another approach deals with the possibility of extending monotonic operations on L to operations on the set of discrete fuzzy numbers whose support is a set of consecutive natural numbers contained in L. More specifically, the concept of discrete fuzzy number was introduced in [21] as a fuzzy subset of R with discrete support and analogous properties to a fuzzy number. It is well known that arithmetic and lattice operations between fuzzy numbers are defined using the Zadeh's extension principle (see [13] ). However, in general, for discrete fuzzy numbers this method fails and some approaches have been introduced in order to avoid such a drawback ( [3, 4, 5] and [22] ). In particular, it is proved in [5] that the set, A L 1 , of discrete fuzzy numbers whose support is a set of consecutive natural numbers contained in L, is a distributive lattice. Thus, it is natural to study monotonic operations defined on A L 1 equipped with the usual lattice order. In this way, one approach is the one already commented of extending monotonic operations defined on L to monotonic operations defined on the set A L 1 . This was done for the special case of discrete t-norms and t-conorms in [6] and for the case of discrete means in [8] .
Following with this idea we want to study in this paper the possibility of extending uninorms and nullnorms on L to uninorms and nullnorms defined on A L 1 . Moreover, we will see that some properties of these aggregations are preserved under this extension. At the end, we have shown an application of these aggregation operators to get a group consensus opinion.
Preliminaries
In this section we recall some results that will be used along the papers or we give references where they can be found.
Discrete uninorms and nullnorms
Let (P ; ≤) be a non-trivial bounded partially ordered set (poset) with 0 and 1 as minimum and maximum elements respectively.
Definition 2.1 A triangular norm (briefly t-norm)
on P is a binary operation T : P × P → P which is associative, increasing in each place, commutative and such that T (x, 1) = x for all x ∈ P . Definition 2.2 A triangular conorm (t-conorm for short) on P is a binary operation S : P × P → P Definition 2.3 A uninorm on P is a two-place function U : P × P → P which is associative, increasing in each place, commutative, and such that there exists some element e ∈ P , called neutral element, such that U (e, x) = x for all x ∈ P .
It is clear that the function U becomes a t-norm when e = 1 and a t-conorm when e = 0. Definition 2.4 A nullnorm on P is a two-place function G : P × P → P which is associative, increasing in each place, commutative, and such that there exists some element k ∈ P , called absorbing element, such that G(k, x) = k for all x ∈ P , and satisfies
In this case nullnorms with k = 0 lead back to tnorms, while the case k = 1 leads back to t-conorms.
An important case is when we take as poset a finite chain L with n + 1 elements. In such a framework only the number of elements is relevant (see [19] ) and so it is usually considered the most simple one, that is, L = {0, 1, · · · , n}. Operations on L are usually called discrete operations and they have been studied by many authors [9, 11, 14, 16, 19, 23] . In these studies the following condition, generally used as a discrete counterpart of continuity, is usually considered. Smooth discrete t-norms and t-conorms were characterized in [19] . For the case of nullnorms we have the following result.
Moreover, G is smooth if and only if T and S are smooth.
There are no smooth uninorms on L with neutral element 0 < e < n (that is, different from t-norms or t-conorms). However, when the underlying tnorm and t-conorm are smooth the corresponding uninorm can be smooth except in very restricted regions like for instance the e-sections. This is the case of uninorms in U min and U max . 
Definition 2.8 [16]
In both cases, when T, S are smooth, the corresponding uninorm is also smooth except in certain points (x, e) or (e, y) of the e-sections.
Discrete fuzzy numbers
In this section, we recall some definitions and the main results about discrete fuzzy numbers which will be used later. By a fuzzy subset of R, we mean a function A : 
Remark 2.11 If the fuzzy subset A is a discrete fuzzy number then the support of A coincides with its closure, i.e. supp(A)
From now on, we will denote the set of discrete fuzzy numbers by DF N and the abbreviation dfn will denote a discrete fuzzy number. (4) hold: 
Theorem 2.12 [22] (Representation of discrete fuzzy numbers) Let A be a discrete fuzzy number. Then the following statements (1)-
1. A α is a nonempty finite subset of R, for any α ∈ [0, 1] 2. A α2 ⊆ A α1 for any α 1 , α 2 ∈ [0, 1] with 0 ≤ α 1 ≤ α 2 ≤ 1 3. For any α 1 , α 2 ∈ [0, 1] with 0 ≤ α 1 ≤ α 2 ≤ 1, if x ∈ A α1 − A α2 we have x < y for all y ∈ A α2 , or x>y for all y ∈ A α2 4. For any α 0 ∈ (0, 1], there exist some real num- bers α ′ 0 with 0 < α ′ 0 < α 0 such that A α ′ 0 = A α0 ( i.e. A α = A α0 for any α ∈ [α ′ 0 , α 0 ]).
Maximum and minimum of discrete fuzzy numbers
Let A, B be two dfn and
In [4] , for each α ∈ [0, 1], we consider the following sets,
Proposition 2.14 [4] There exist two unique discrete fuzzy numbers, that we will denote by M IN (A, B) and M AX(A, B), such that they have the sets min(A, B)
α and max(A, B) α as α-cuts respectively.
The following result holds for A L 1 , but is not true for the set of discrete fuzzy numbers in general(see [5] ). The next theorem proposes a method to obtain a negation function on the bounded distributive lattice A L 1 from the unique strong negation n on the finite chain L. Proposition 2.17 [7] Let us consider the strong negation n on the finite chain L = {0, 1, · · · , n}. The mapping
is the discrete fuzzy number such that has as support the sets
Aggregation functions in
Let us begin with a binary discrete aggregation function
L be the set of all subsets of L. We will denote as well by F , the binary operation
where
Note that t-norms and t-conorms on A L 1 were already constructed from smooth t-norms and tconorms on L in [6] as follows. 
Theorem 3.1 [6] Let T (S) be a smooth t-norm(tconorm) on L and let
T (S) : A L 1 × A L 1 → A L 1 (A, B) −→ T (S)(A, B) be the extension of t-norm(t-conorm) T (S) to A L 1 ,
defined as follows T (S)(A, B) is the discrete fuzzy number whose α-cuts are the sets {z ∈
T (supp(A), supp(B)) | T (S)(min A α , min B α ) ≤ z ≤ T (S)(max A α , max B α )} for each α ∈ [0, 1]. Then, T (S) is a t-norm (t-conorm) on the bounded set A L 1 . Remark 3.2 When the t-norm T : L × L → LT (A, B) α = {z ∈ L | min T (A α , B α ) ≤ z ≤ max T (A α , B α )}.
Note that this is no longer true when T is not smooth.
Now, we want to proceed in a similar way but from binary aggregation functions F on L, not necessarily smooth. By the previous remark we need to modify the definition of the α-cut sets to be used in the construction of F (A, B) α . Thus, instead of taking z ∈ F (supp(A), supp(B)), we need to take z ∈ L satisfying the corresponding condition as follows 1 .
Definition 3.3 Given a binary aggregation function F on L and two discrete fuzzy numbers
Note that, from the monotonicity of the binary discrete aggregation function F , the set C α F,A,B can be written as
for each α ∈ [0, 1]. F(A, B) .
Proposition 3.4 Let us consider A, B ∈ A
The previous proposition will allow us to define a binary operation F on A L 1 from any binary aggregation function F defined on the finite chain L. 
will be called the extension of the discrete aggregation function F to A L 1 , being F(A, B) the discrete fuzzy number whose α-cuts are the sets
Now we want to prove that function F defined above is in fact a binary aggregation function on A L 1 . 1 Of course, when F is smooth both expressions will coincide again as in the case of smooth t-norms. F(A, B) , C) = F (A, F(B, C) ).
Proposition 3.6 Let
F : A L 1 × A L 1 → A L 1 be the extension of the discrete aggregation function F on L to A
That is, F is a binary aggregation function on
A L 1 . Proposition 3.7 Let F : A L 1 × A L 1 → A
Uninorms in
Let us deal in this section with the special case of uninorms. As in the general case we give the following definition.
Definition 3.8 Let us consider a discrete uninorm U on the finite chain L. The binary operation on
will be called the extension of the discrete uninorm U to A 1 , being U(A, B) the discrete fuzzy number whose α-cuts are the sets
Theorem 3.9 Let U be a discrete uninorm on L with e ∈ L as neutral element. And let
be the extension of U to A Now, we want to study the structure of these uninorms in A L 1 . It occurs that many of the properties of the uninorm U on L are preserved by our construction. To see this we begin with some results. 
Proposition 3.11 Let U be a uninorm on the finite chain L. Then its extension
satisfies:
where N and 0 denote the maximum and the minimum of the bounded distributive lattice A L 1 respectively and E is the neutral element of U. Now we can see that the structure of uninorms in U min and U max is partially preserved.
Proposition 3.12 Let us consider a uninorm
on L with neutral element 0 < e < n. And U its extension according to Definition 3.8 
. Then, (i) If A, B ≼ E then U(A, B) = T (A, B) where T is the extension on
of the discrete triangular norm T .
(ii) If A, B ≽ E then U(A, B) = S(A, B) where S is the extension on A [e,n] 1
of the discrete triangular conorm S.
Analogously,
Proposition 3.13 Let us consider a uninorm
on L with neutral element 0 < e < n. And U its extension according to Definition 3.8. Then,
(i) If A, B ≼ E then U(A, B) = T (A, B) where T is the extension to
(ii) If A, B ≽ E then U(A, B) = S(A, B) where S is the extension to A [e,n] 1
of the discrete triangular conorm S. 
Nullnorms in
Let us now deal with nullnorms.
Definition 3.15 Let us consider a discrete nullnorm F on the finite chain L. The binary operation on A 1 defined as follows
will be called the extension of the discrete nullnorm being F(A, B) the discrete fuzzy number whose α-cuts are the sets
Theorem 3.16 Let F be a discrete nullnorm on L with k ∈ L as absorbing element. And let
be the extension of F to A 
Proposition 3.17 Let F be a nullnorm on L with absorbing element k and underlying t-norm T and t-conorm S. Then its extension F satisfies the following properties: (i) If A, B ≼ K then U(A, B) = S(A, B) where S is the extension to
of the t-conorm S.
(ii) If A, B ≽ K then U(A, B) = T (A, B) where T is the extension to A [e,n] 1
of the t-norm T . 
Group consensus opinion based on extension of discrete uninorms
Consensus decision-making is a group decision making process that not only seeks the agreement of most participants, but also the resolution or mitigation of minority objections. For example, in this sense, Yager [24] considers the problem of multiagent group decision making. He describes the possible use of the uninorm aggregation operator as a way of combining individual agents' preference functions to obtain a group preference function. Moreover, he provides a method to avoid the possibility of an agent using one kind of manipulation of the preference information, forcing the other group members to change their opinions towards his own opinion. Interesting studies on this subject can be found in [20, 25] . In order to do this, Yager suggested to use discrete weighted uninorm operators defined on an ordinal scale S = {s 0 , · · · , s n } with s i > s j if i > j, and a binary function on S, h sg (where s g denoted the neutral element of the uninorm U ) called importance transformation function that penalizes an agent if he uses a strategic manipulation. Recently, other interesting work on consensus decision-making is due by Alonso et al. [1] who present an implemented web based consensus support system that is able to help, or even replace, the moderator in a consensus process where experts are allowed to provide their preferences using one of many types (fuzzy, linguistic and multi-granular linguistic) of incomplete preference relations. Thus, we see that in these decision making process is usual on the one hand, to use aggregation operators defined on a finite chain for the purpose of adding the information, and on the other hand to use concepts of the fuzzy set theory in order to model incomplete or imprecise information. In our approach, we will propose to establish a method to obtain the group consensus opinion based on the extension of discrete uninorms on L to A L 1 . For this reason, assume that r experts assess a set of parameters P = {P 1 , · · · , P s } of the consensus process (for example, if we consider the valuation of a business investment, the parameters P i can be P 1 = Benefits in the short term, P 2 =Benefits in the long term, P 3 = Suitability of the investment, etc). Suppose that the assessments corresponding to a parameter P i ∈ P are expressed by r discrete fuzzy numbers belonging to A Assume that the experts use the Table 1 to indicate their satisfaction of each parameter P i ∈ P expressed as a discrete fuzzy number on A L 1 . In this Table, the first column indicate the expert's names, the second row indicates the questions to assess P i , the rows from the third to the antepenultimate indicate the fuzzy evaluations made by each expert O j corresponding to the each parameter P i which we Expert Questions to asses 
. This aggregation function U i has been obtained by using the extension of an idempotent uninorm U i on L.
Finally, the last row indicates the aggregation of all the values C(O, P i ) with i = 1, · · · , s, that is, the aggregation obtained using the extension of the uninorm
. This aggregation function U ′ has been obtained by using the extension of an idempotent uninorm U ′ on L. The proposed method for the consensus opinion based on the extension of a uninorm is presented as follows:
Step 1: The board of directors constitutes the expert group EG = {O 1 , · · · , O r } who carry out the evaluation process of the parameters
Step 2: Choose the linguistic hedges L which are used to make the evaluation process.
Step 3:
Step 4: For each parameter P i ∈ P, the company uses a uninorm U i (obtained from the extension of an idempotent discrete uninorm U i defined on the finite chain L) to calculate the aggregation of all valuations O
. This aggregation will be denoted by C(O, P i )
Step 5: Finally, the board of directors (based on their experience) gets an aggregation of all the assessments C(O, P i ) made by the group of decision-makers (using a uninorm U obtained from the extension of an idempotent uninorm U defined on the finite chain L) according to the expression
Ps r )) which we will denote in Table 1 by 
It is obvious that we can consider a bijective application between this ordinal scale L and the finite chain L = {0, 1, 2, 3, 4, 5, 6, 7, 8} of natural numbers which keep the order. Furthermore, each normal convex fuzzy subset defined on the ordinal scale L can be considered like a discrete fuzzy number belonging to A Another possible approach in order to get the consensus process could be using nullnorms. Note that, from Remark 4.1 the same algorithm proposed above also works for this kind of aggregations. The following example shows the effect of such approach in the same conditions of Example 4.2. This last result emphasizes the divergent views among the valuations of the aggregations of each parameter P i , C(O, P i ) with i = 1, 2, 3.
Conclusion
In this article we have proposed a method to extend a binary aggregation function F defined on a finite chain L to the set A L 1 (of discrete fuzzy numbers whose support is a subset of consecutive natural numbers belonging to L). Moreover, we have shown that this extension F is a binary aggregation function on A L 1 that fulfils similar properties (commutativity, associativity) to the initial aggregation function F . In addition, we have shown that if we consider a uninorm U or a nullnorm G on L their extensions U and G on A L 1 satisfy the conditions to be a uninorm and nullnorm. We have also studied some properties of these extensions. Finally, we have proposed an application of these aggregation operators to obtain a group consensus opinion in a decision making problem. Also, some examples regarding the possibility of investment of a business company are given.
